Optimal Quantum Pumps

J. E. Avron^{(a)}, A. Elgart^{(b)}, G.M. Graf^{(c)} and L. Sadun^{(d)} (a) Department of Physics, Technion, 32000 Haifa, Israel (b) Department of Physics, Jadwin Hall, Princeton University, Princeton, NJ 08544, USA (c) Theoretische Physik, ETH-Hönggerberg, 8093 Zürich, Switzerland (d) Department of Mathematics, University of Texas, Austin Texas 78712, USA

Optimal pumps saturate a lower bound on energy dissipation. We give a characterization of optimal pumps in terms of the energy shift matrix, which is computed from the on-shell, frozen, scattering matrix. The energy shift determines the charge transport, the dissipation and entropy production in adiabatic pumps. We give a geometric characterization of optimal pumps and discuss an example.

PACS numbers: 72.10.Bg, 73.23.-b

Overview: Quantum pumps transport charge, spin, energy, entropy, etc. in and out of electron reservoirs which are themselves at equilibrium and at identical chemical potentials, μ, and identical temperatures, 1/β. The pumping is done by scattering from a time dependent scatterer [1–8].

Let Ė denote the net energy flux (power) and Q̇ the charge flux (current) in a given channel, flowing out from the scatterer to a distant reservoir. Let R_k = h/e^2 ≈ 25812.80 Ω be the (von Klitzing) quantum unit of resistance. If the reservoir is held at zero temperature, we shall prove an elementary lower bound on the power dissipated at each and every channel: Ė − μ e Q̇ ≥ R^k 2 Q̇^2. (1)

If R_k/2 is interpreted as the contact resistance of each channel, the right hand side gives the dissipation at the contact. This bound does not depend on the adiabaticity of the pump. It is a consequence of the fact that a channel is one dimensional, that the charge carriers are non-interacting fermions and the reservoirs are at zero temperature. Channels that saturate the lower bounds Eq. (1) will be called optimal. An pump is called optimal if all of its channels are optimal.

We henceforth use units with e = h̄ = 1, so R_k = 2π and the chemical potential can be interpreted as a voltage.

Adiabatic pumps admit an explicit characterization of optimal channels in terms of their scattering matrix. A pump is adiabatic when the frequency ω of the pump is slow compared with the natural time scale τ of the problem, [9], e.g., the Wigner time delay [10]. That is, ε = ωτ ≪ 1. Let S(t; μ) be the (time independent) scattering matrix at energy μ, for a scatterer frozen at time t. In the case of n channels, S(t; μ) is an n × n unitary matrix. Ṡ(t; μ) = O(ε) denotes the t derivative of the matrix. The energy shift matrix, E, is defined to be: E(t, μ) = ih̄ Ṡ(t, μ)S^†(t, μ), (2) and is of order ε. The matrix elements of the energy shift can be expressed as: E_{jk} = ih̄ ⟨ψ_k |ψ̇_j ⟩ (3) where |ψ_j ⟩ is the j-th row (not column!) of the scattering matrix. The energy shift is conjugate to the Wigner time delay T (t, μ) = −ih̄ ∂_μS(t, μ)S^† (t, μ), [10].

The energy shift plays a role in adiabatic pumping. For example, it is known that the diagonal matrix elements of E determine the net current entering the reservoir through the j-th channel [1,3,6]

Q̇_j = E_{jj} /2π + O(ε^2). (4)

As we shall see, the energy-shift also provides information on dissipation and noise.

For a channel connected to a reservoir at zero temperature we shall show:

Ė_j − μQ̇_j = 1 4π ∑ k |E_{jk} |^2 + O(ε^3). (5)

It follows that the j-th channel is optimal if E_{jk} = 0 for j ≠ k, and the pump is optimal if and only if E is a diagonal matrix.

The scattering matrix of an optimal pump is S(t) = U_d(t)S_0 where U_d(t) is a diagonal unitary and S_0 a constant unitary matrix. This coincides with Andreev and Kamenev’s characterization of noiseless pumps [11,16].

The notion of optimal pumps is geometric. This is seen from the fact that the vanishing condition on matrix elements of the energy shift, Eq. (3) is invariant under reparameterization of time.

For n-channel scattering, the space of Hermitian matrices E has n^2 real dimensions, while the space of diagonal matrices is n dimensional. Optimal pumps are therefore a set of codimension n^2 − n. In particular, pumps with a single channel are automatically optimal. Below we shall give an example of an optimal pump with n = 2 that models the quantum Hall effect.

Optimal channels are related to integral charge transport: If the j-th channel is optimal, then the charge transport in a cycle of the pump is an integer. This can be seen from Eq. (4):

Q_j = − i 2π ∫ ⟨ψ_j |ψ̇_j ⟩ dt = − i 2π ∮ ⟨ψ_j |dψ_j ⟩. (6) For an optimal channel |ψ̇_j ⟩ is parallel to |ψ_j ⟩, since ⟨ψ_k|ψ̇_j ⟩ = 0, hence it can only accumulate a phase along the path. Since |ψ_j ⟩ is single valued, the total phase accumulated on a closed path must be an integer multiple of 2π. It is worth remarking that in this case Eq. (6) not only expresses the expectation value of the charge transport in a cycle, as it does by virtue of its derivation, but also the actual charge transport, since the stated condition implies absence of noise, i.e., variance. The right hand side of Eq. (6) shows that charge transport is geometric: It depends on the path but is independent of its parameterization. In spite of all of this, the charge transport is not quantized and has no topological content: A small deformation of the scattering matrix will be a deformation away from optimality and will deform the charge transport away from the integers. In [4,5] it is argued that non-dissipative processes make quantum pumps similar to systems with energy gaps where charge transport is related to topological invariants. Although the conclusion about integrality of transport is correct for optimal pumps, the argument is misleading because the charge transport in pumps is not associated with topological invariants. Moreover, it is not possible on the basis of the order of dissipation alone to distinguish between optimal and non-optimal channels; in either case the dissipation is O(ε^2). It is however true that absence of excess dissipation implies integrality.

The dissipation formulas admit a geometric interpretation. |ψ_j ⟩, being normalized, can be viewed as a point on the sphere S^{2n−1} ⊂^jC^n. The Hopf map [13] π : S^{2n−1} →^jCP^{n−1}, which ‘forgets’ the phase of |ψ⟩, turns S^{2n−1} into a fiber (circle) bundle with base space jCP^{n−1}. The j-th row of E describes the velocity of |ψ_j ⟩ in S^{2n−1}. Of this, E_{jj} is the projection of this velocity onto the fiber — the changing phase of |ψ_j ⟩ — while the matrix elements E_{jk} , with k ≠ j, give the projection of this velocity onto^jCP^{n−1}. The current Q̇_j , and the minimal dissipation |E_{jj} |^2/4π, are both functions of motion in the fiber, while the excess dissipation is the “energy” (that is, squared velocity) associated with motion in the base.

Finally, we remark, without proof [14], that the entropy flow into a cold reservoir, β ≫ h̄/τ, from a slowly operated pump, h̄ω ≪ β^{−1} [15], is proportional to the excess energy dissipation, and not to the total energy dissipation:

Ṡ_j = β 4π ∑ k≠j |E_{jk} |^2. (7)

A lower bound on dissipation: We first consider a single channel and let Ė_± (Q̇_±) be the energy (charge) current transported across it by the outgoing (+) or incoming (−) carriers separately. Then

Ė_± ≥ πQ̇^2_±, (8)

with equality holding if and only if the carriers fill a Fermi sea up to chemical potentials μ_±. Here is why. Let 0 ≤ n(k) ≤ 1 be the filling of states at momentum k and energy ϵ(k), which move with velocity ϵ^′(k). Then

Q̇_+ = 1 2π ∫ ϵ^0(k)>0 dk n(k)ϵ^′(k), Ė_+ = 1 2π ∫ ϵ^0(k)>0 dk n(k)ϵ(k)ϵ^′(k). (9) The bathtub principle (w.r.t. the measure ϵ^′(k)dk on {k | ϵ^′(k) > 0, }; see e.g., [16]) states that for fixed Q̇_+ the quantity Ė_+ is minimized by n(k) = θ(μ_+ − ϵ(k)) for some μ_+. Assuming kϵ^′(k) ≥ 0, ϵ(0) = 0, we find for the minimizer

Q̇_+ = μ^+ 2π , Ė_+ = μ^2_+ 4π , (10)

which proves (8).

Consider next a channel connected to a reservoir at chemical potential μ_−. Let Ė = Ė_+ −Ė_− (Q̇ = Q̇_+ −Q̇_−) be the net energy (charge) flowing into the reservoir (i.e., out of the system). Then Ė_− = πQ̇^2_− = μ^2_−/4π, while Ė_+ is at least πQ̇^2_+. We compute

Ė ≥ π(Q̇^2_+ − Q̇^2_−) = πQ̇^2 + μ_−Q̇. (11)

This is Eq. (1) in natural units, and equality occurs if and only if the flow into the reservoir also fills a Fermi sea with Fermi energy μ_+. Note that (1) gives the dissipation in each lead [17].

Dissipation in adiabatic pumps: To derive Eq. (5), we note that the left hand side of Eq. (5) can be written as Ė_j − μQ̇_j = 1 2π ∫ dE(E − μ) ( n_{+j} (E) − n_−(E) ) . (12)

where n_−(E) = θ(E − μ) is the distribution of the electrons that arrive from the (zero temperature) reservoirs and n_{+j} (E) is the distribution of the electrons that enter the reservoirs. The pump scrambles the incoming distribution and produces a (non-thermal) outgoing distribution n_{+j} (E). To calculate the outgoing distribution is a problem in adiabatic scattering theory.

Our basic tool is a formula which relates outgoing and incoming distribution in the adiabatic limit. Let |e_k⟩ denote the eigenvectors of E with eigenvalue e_k. The outgoing density at energy E, on the j-th channel, is n_{+j} (E) ≈ ∑ k n_−(E − e_k)| ⟨e_k|j⟩ |^2, (13) where ≈ means that this is an equality for distributions, to leading order in ε. Inserting this in Eq. (12) we obtain

Ė_j − μQ̇_j = 1 4π n∑ k=1 e^2_k| ⟨e_k|j⟩ |^2 = 1 4π n∑ k=1 |E_{jk}|^2. (14)

Adiabatic scattering: It remains to derive Eq. (13). We start with the standard point of view [18] of timedependent scattering theory, which views the S-matrix as a comparison of a “free” dynamics, generated by H_0 and the interacting dynamics, generated by H(t). For example, we can pick for H_0 the Hamiltonian associated with disconnected channels. Let U(t, s) and U_0(t, s) denote the corresponding evolutions. Then, the S-matrix is defined by the limit (which we assume exists)

S_d(t) = lim_{T →∞} U_0(t, T )U(T, −T )U_0(−T, t). (15)

In the absence of a scatterer, U = U_0 and S is the identity, as it should be. When the scatterer is time independent, H(t) = H, the existence of the T → ∞ limit for the factors U(0, −T )U_0(−T, t) and U_0(t, T )U(T, 0) implies that S_d(t) is independent of t, as it should.

S_d(t) maps incoming wave packet to outgoing ones. When applied to a wave packet near the scatterer, it describes the mapping for an incoming wave, originating at the reservoirs, that hits the scatterer at time t.

It follows from Eq. (15) that, provided the limit exists,

i Ṡ_d(t) = [H_0, S_d(t)]. (16)

The free dynamics controls when a wave packet hits the scatterer. Eq. (16) determines n_+(H_0) to be

S_d(t)n_−(H_0)S_d(t)^† = n_− ( H_0 − iṠ_d(t)S_d(t)^† ) . (17)

In the time independent case, Ṡ_d = 0, and Eq. (17) is an expression of conservation of energy. For time dependent scattering, Eq. (17), describes the scattering out of the energy shell. This is the motivation for calling iṠ_d(t)S_d(t)^† the operator of energy shift.

In the adiabatic limit, the (exact) time dependent scattering matrix S_d(t) can be approximated by the time independent scattering matrix for the scatterer frozen at the time of the scattering t. Namely, S_d(t) ≈ δ(μ − μ^′) S(t; μ), with S(t; μ) the on-shell scattering matrix of Eq. (2). For the on-shell densities Eq. (17) takes the form n_+(μ, t) ≈ n_− ( μ − E), (18) which is a matrix version of Eq. (13).

A 2-lead optimal pump: We conclude with an example of a nontrivial optimal pump. Besides demonstrating the possibility of optimal pumps with multiple leads, this example serves as a schematic of the quantum Hall effect.

The pump, shown in Fig. (1), has two channels, each connected to a reservoir on one end and to a loop of circumference ℓ on the other. The loop is threaded by magnetic flux Φ which is the engine of the pump. The scattering at the vertices is a permutation matrix corresponding to the arrows in the figure. Particles that enter from the left go clockwise around the loop and exit to the left, while particles that enter from the right go counterclockwise and exit to the right. The scattering matrix of the pump is therefore diagonal, with the phases of the two reflection coefficients determined by Φ:

r = e^{i(kℓ+Φ)}, r^′ = e^{i(kℓ−Φ)}. (19)

FIG. 1. A graph associated with the quantum Hall effect.

From Eq. (6), we see that increasing Φ by a unit of quantum flux draws one particle in from the right and expels one particle to the left. This is independent of the chemical potential μ of the bath, and independent of the circumference ℓ of the loop.

At first glance this seems impossible, since there is no transmission across the scatterer. However, there is a simple semiclassical explanation. Increasing the flux creates an EMF around the loop that accelerates the clockwise-moving particles and decelerates the counterclockwise-moving particles. Thus the outgoing states on the left lead are filled to a higher energy than the outgoing states on the right. Furthermore, some lowenergy counterclockwise-movers that entered from the right are actually turned around by the EMF and become clockwise-movers, after which they emerge to the left. This accounts for the net transfer of charge from right to left. Since the scattering at each vertex is deterministic, the outgoing channels have no entropy, the inequalities (9) become equalities, and the pump is optimal.

The quantum Hall effect can be described by a scatterer with four leads (north, south, east and west) with a north-south voltage and an east-west current. However, if the the north and south leads are connected by a wire, and if the resulting loop is threaded by a time-varying magnetic flux to generate the north-south voltage, then one obtains a geometry shown in Fig. (2).

FIG. 2. The Hall effect as a pump driven by the emf Φ̇.

Indeed, the pump of Figure 1 models the essential features of the integer QHE, [22]. The Hall crystal, and the magnetic field applied to the Hall crystal, are modeled by the vertices, which scatter particles in a time-asymmetric manner. The “clockwise movers” of Figure 1 correspond to electrons that enter the Hall crystal from the west, move along the edge of the crystal until they reach the south lead, go along the loop from south to north, move along the edge from north to west, and emerge to the west. The “counterclockwise movers” correspond to electrons that go from east to north (along the Hall crystal) to south (along the loop) and then to east and out the east lead. By standard arguments [19], the edge states reflect the existence of localized bulk states in the crystal.

Concluding remarks: Adiabatic theory divides into two chapters: One deals with systems with discrete spectra and the other with systems with continuous spectra. This division carries over to the theory of adiabatic transport. For systems with discrete spectra interesting transport properties often require that the system is multiply connected, see e.g., [20]; charge transport admits a geometric interpretation, and is related to Chern numbers. Here we have analyzed quantum pumps as a problem in adiabatic scattering theory. It is known that charge transport in a closed cycle of a pump is, again, geometric [3,6]. But, unlike the discrete situation, charge transport is not quantized in the sense that it is not related to interesting topological invariants. Here we introduced the notion of optimal quantum pumps, which is again a geometric notion. Optimal pumps saturate a bound on dissipation, transport integer charges in closed cycles, are noiseless and minimize entropy production. We gave an explicit characterization of optimal pumps in terms of the matrix of energy shift.

Acknowledgment: We thank B. Altshuler, A. Kamenev, M. Reznikov, and U. Sivan for discussion. The work was partially supported by the Israel Science Foundation and the Texas Advanced Research Program and the fund for the promotion of Research at the Technion.

[1] M. Büttiker, H. Thomas, A. Prêtre, Z. Phys. B94, 133 (1994).

[2] M. Switkes, C.M. Marcus, K. Campman, and A.G. Gossard, Science 283, 1907 (1999).

[3] P.W. Brouwer, Phys. Rev. B58, 10135 (1998). [4] L. Aleiner and A.V. Andreev, Phys. Rev. Lett. 81, 1286 (1998).

[5] T.A. Shutenko, I.L. Aleiner, B.L. Altshuler, Phys. Rev.

B 61, 10366 (2000).

[6] J. Avron, A. Elgart, G.M. Graf, L. Sadun, Phys. Rev.

B62, R10618 (2000).

[7] Y. Levinson, O. Entin-Wohlman, P. Wolfle,

cond-mat/0010494.

[8] P. Brouwer, Phys. Rev. B 63, 121303 (2001). [9] The time it takes a particle to traverse the scatterer gives a classical time scale. The quantum time scale τ is dictated by the level spacing of the disconnected scatterer. For one dimensional scatterers the two time scales coincide. If the scatterer is multidimensional the two time scales are in general different. Their ratio may be interpreted as the number of channels in the scatterer.

[10] L. Eisenbud, Dissertation, Princeton University, 1948 (unpublished); E.P. Wigner, Phys. Rev. 98, 145 (1955).

[11] A. Andreev and A. Kamenev, Phys. Rev. Lett. 85, 1294 (2000).

[12] D. A. Ivanov, H. W. Lee, and L. S. Levitov, Phys. Rev.

B 56, 6839, (1997).

[13] B.A. Dubrovin, A.T. Fomenko, S.P. Novikov, Modern Geometry – Methods and Applications. Part II , Springer (1985).

[14] J. Avron, A. Elgart, G.M. Graf, L. Sadun, in preparation. [15] At T = 0 the Fermi energy is sharply defined. This implies that the time that the particle hits the scatterer is ill defined even in the adiabatic limit. To avoid this difficulty one imposes the adiabaticity condition h̄ω ø β�^1. We also assume that the Fermi energy is not too small,

μτ Æ h̄. This guarantees that entropy production com-

puted to second order in ω, dominates the first order entropy production.

[16] E.H. Lieb, M. Loss, Analysis, AMS (1997). [17] In the case of n channels in a lead that carries total current I to the reservoir, the minimal dissipation is RkI^2/(2n). In a 2-lead, single channel, system, the total dissipation is at least RkQ̇^2, corresponding to the familiar formula P = I^2R.

[18] D.R. Yafaev, Mathematical Scattering Theory, AMS (1992).

[19] B.I. Halperin, Phys. Rev B 25, 2185, (1982); M. Büttiker, Phys. Rev. B 35, 9375 (1988);

[20] D.J. Thouless, Topological quantum numbers in nonrelativistic physics, World Scientific, Singapore, 1998; and J. Math. Phys. 35, 1-11 (1994); J.E. Avron, Adiabatic Quantum Transport, Les Houches, E. Akkermans, et. al. eds., Elsevier Science, (1995); J.E. Avron, R. Seiler and L.G. Yaffe, Comm. Math. Phys. 110, 33, (1987).

[21] D.J. Thouless, Phys. Rev. B27, 6083 (1983). [22] V.T. Dolgopolov, N.B. Zhitenev and A.A. Shacking, Pis’ma Zh. Ekp. Theor. Fiz. 52, 826 (1990).