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Abstract

We study the quantum dynamics generated by H5"W = —% +V -z
with V' a real periodic function of weak regularity. We prove that the
continuous spectrum of H°"W is never empty, and furthermore that for V/
small enough there are no bound states.

1 Introduction

Consider for a > 0 potentials of the form

ViR—-R,V(z+v)=V(z) (zeR,ye2nZ) with

IVIZ =D [V(n)(1 +n?)* < o0

neZ
where V (n \/ﬁ f e~V (x) dx.
The Stark Wannier Hamiltonian is the selfadjoint operator
d2
SWo._
H~" = oz +V
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defined in L?(R) by extension from the core C§°(R); this is a corollary of the
Faris Lavine theorem, see [13].

We shall prove that there are always propagating states and that small po-
tentials with some regularity cannot bind:

Theorem 1.1 (i) Let o > 0 then
Ucont(HSW> 7£ ®7
(ii) for o > 1/2 there is a ¢ > 0 such that for ||V, < ¢

opp(H) = 0.

This theorem is a consequence of our main result, Theorem 2.1, which asserts
that the probability to be accelerated in the future grows with the momentum
of the initial state.

Remark that our results are stated in terms of the Stark—Wannier problem
but apply as well to the problem of driven quantum rings, see [4].

The dynamics of crystal electrons described by the present model have been
studied since [15] both in mathematics and physics literature, see [11] for a
review. The general problem is to understand how the reflections at the band
edges accumulate to localize the electron or to create resonances; it is far from
being settled. Our contribution is to the question: how do spectral properties
change when « is diminishing? We refer to [1] for a physical discussion of this
theme. Answers for two extreme cases are known: if &« > 5/2 then the spectrum
of HW is absolutely continuous see [5] and [14, 7] for generalizations; on the
other hand there are models (corresponding to o < 0) for which the spectrum
has no absolute continuous component, [12, 10] or is even pure point [3]. If V
is analytic one has certain informations on existence and width of resonances,
[9, 2].

The paper is organized as follows: in the next section we state our main
result, Theorem 2.1, precisely and infer Theorem 1.1. The third section con-
tains the dynamical information: the proof of Theorem 2.1 organized in several
subsections.

2 Spectral properties

Denote the free Stark Hamiltonian by H5"W = —A — 2; by D := —id, the
momentum operator which is selfadjoint on H'(R); x is the binary fonction with
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values x(True) = 1,x(False) = 0; x(D —t € [a,b]) is the cutoff function
in Fourierspace of the interval [t + a,t + b]; cte. a generic constant which may
change from line to line;

<n>::{1 n<0

n n>0
The main theorem is:

Theorem 2.1 Let o> 0, M > 0. There exists a ¢ = co n > 0 such that for V
with ||V ||la < M and for all t € R,n € Z it holds:

(i)

IX(D —t € [n,n+ 1)) (e H™ — TV <
1Vl .
M (sign(t)n)min{l.e}’

i) for 1 € L*(R) this implies:
(ii) p

— SW
IX(D =t € [n,n+1))e | >
1V [l
<Sign(t)n>min{1,a}

IX(D € [n,n+ 1)l = cam I (1)

Remark 2.2 The dynamical meaning of (ii) is that a large part of a state whose
initial momentum is high enough is accelerated, i.e.: For any ¢ > O there is an
n such that for ¢ = x(D € [n,n+ 1))y, ||¢|| = 1 it holds

Ix(D=te€nn+1)e ™"y >1—¢  (t>0).

We show now that the result on the spectrum follows from this:

Proof of Theorem 1.1. For a state ¢ in the pure point spectral subspace
of H5W it holds:

lim sup [[x(D > R)e ™"ty =0,
R—00 14>0

see, for exemple [8]. This implies for n € Z

Jim [[x(D =t € [n,n + 1)e "y = 0. (2)
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ad (i): Consider the initial state 1) = F'x(p € [n,n + 1)) where F~! denotes
the inverse unitary Fourier transform. By the inequality (1) it holds for ¢ > 0,n
large enough

Vo

D—tenn+1)e ™"yl > 1~ .
[[x( [n,n+1))e vl = C<Sign(t>n>mm{l7o‘}

1
>
-2

which contradicts (2). So v has a part in the continuous subspace of H°W.
ad (ii): For v in the pure point subspace take the limits ¢ — sign(n) oo in (1);
the equality (2) implies

Vila
(D € [+ )6 < conrrilocsloll - (n e 2)

which leads to

1
[B]> =Y " lIx(D € [non+ 1)9|* < canlVIZY WHWP

neZ neZ

which is a contradiction for ||V||, small enough and a > 1/2; so there are no
bound states. O

3 Dynamics

To prove Theorem 2.1 we decompose the operator H°W in the Bloch representa-
tion. Denote by V the convolution operator Vi)(n) = % Y omez V(n—m)y(m)
in L*(7Z).

V is real, so it holds: V(n) = V(—n). We can always substract a constant
from H5" so we suppose that V(0) = 0.

Consider in

L2([0,1), dk: I2(Z)) ~ /{i) [2(Z) dk

the time dependent operator
H(t)Y(k,n) = (n+k+t)*¢Y(k,n) + Vo (k, n).

Hy(t) denotes this operator for V' = 0 which has constant domain H?*(Z). V is
bounded from H?(Z) to L*(Z) for a > 0 so the propagator U generated by H ()



is well defined in the strong sense. Its relation to the Wannier Stark propagator
is:

U(t) _ Be—it:ce—iHSWtB—l (3)

where B is the Fourier-Bloch transformation

2
Bw%m»=;%;£ amw{Eje*“””wx+w}cm

yE2TT

which maps L?(R) unitarily onto L?([0, 1), dk; L*(Z)).

Remark that By (k,n) = Fi(k + n). We denote the quantities for the case
V' =0 by a subscript 0.

The following statement is a reformulation of Theorem 2.1 in this represen-
tation.

Denote P, the projection on the the site n in L?(Z) then:

Theorem 3.1 For a > 0, M > 0 there exists ¢ = cop > 0 such that for V
with ||V [lo < M it holds in [\, L*(Z) dk for t € R, n € Z:
[P, (Ut) = Uo(t))|le =

: VI
P, UsVU||e < cq , > :
H/O 0VUlle < con (sign(t)n)minil.e}
We first prove that this is indeed equivalent to Theorem 2.1:
Proof of Theorem 2.1. By the identity (3) it holds:
IX(D =t € [+ 1)) — e ) pagey =
ng—z’th(D —te [n7n + 1))eitzB—IBe—z‘tm<e—iH5Wt . e—z‘H§""z€>lr>:o—1Hea _
Ix(-+ & € [n,n+1))(UE) - Uo(t) |l =
1P, (U(£) — Uo(t))les-
so part (i) is equivalent to Theorem 3.1. To see part (ii) observe that

(D —t e nn+1))e "V = (D € n,n+ 1))

so by (i) and the unitarity of e :

Ix(D =t € [n,n +1))e " || >

D —t 1))e= 5 || = ca | @ —
||X( 6 [n,?’l,+ ))6 w” c 7M <Szgn(t)n>mm{1’o‘}||¢”
|“ ||a
D 1 — Cq , :
HX( € [n7n+ ))wH Ca,M <szgn(t)n>mm{1ﬁa}|wu



In the rest of the paper we prove Theorem 3.1.

3.1 Proof of Theorem 3.1
U(t) = [ UMt) dk. For ¢ € H2(Z), Q% := UFU* it holds
1P (U*(8) = Ug ()l 2y = [|1Pa(Q8(E) = D] <
I [ P vuteta
Remark that
Uk(t,s) = U(t + k,s + k)

so it is sufficient to estimate
t
|| g vy, (4)
0

We shall give the argument for nonnegative integers n and ¢ > 0. Forn < 0,t <
0 the result then follows from time reversal, i.e.: because for U(—t) = TU(¢)T*
with T (n) := (—n) it holds: ||P_,(U(—t) —Ux(—t))|| = || P.(U(t) —Ug(t))||-
For the remaining cases we shall give an argument later.

In the sequel we shall drop the superscript 0. We shall also suppress the
states 1; the norm estimates below are to be understood as uniform estimates
proven on the dense set H*(Z) and valid by extension in the operator norm.

Rapid oscillations are responsible for the smallness of (4). Remark firstly that
with

E,(t) := (n+1t)? it holds
Up(t) P, = ¢ lo Bn

secondly that in every time interval

[ 11
I = 5 [_Z’? (l €N)

there is exactly one degeneracy, namely

() =7 (3)



corresponding to some point of stationary phase of e=i/o(Ba—E-n-1) Denote
Pny:=Py+ Py, Ppj:i=1-P,,.

Heuristically, the contribution

| [ PUVURQ < || | PUSVP U + || | PUGVEL, U (5)
I, I I
to (4) is small for two reasons; loosely speaking: the first term describes the
probability that a reflection from momentum n to —n — [ takes place, i.e. that
the electron behaves adiabatically. This are less likely for n large and V' small.
The second term describes transitions to the other states which is less probable
for n large because the energetic distance to these states grows like |2n + [].
We shall now proceed to the proof according to this intuition. We first treat
the reflection to —n — (:

Lemma 3.2 There is a numerical constant ¢ > 0, independent of V', such that
forall o < (B € I,

A 1% 2n +1
H/ P, U VUP, Q| < cv/1+ HVHQ%

Proof. We supposed that 17(0) = 0so P,VP, = 0; with the notation

t

¢
o(t) := / (B, —E_n)= | Cn+1)(=1+27)dr; V,,:=PVP_,
0 0

we shall estimate
|| eV
I
It will be clear that the reasoning holds uniformly if we integrate only on [«, 5] C

I;. This estimate is done by a stationary phase calculation in the spirit of [6].
Decompose for an a € (0,1/2)

B l a a l a a;| NS 1S
Il—fl\{§+[—§>§]}U{§+[—§>§]}—- 17> Uy,
Then as ||Q2]] = 1:

I [Vl < alVl.
Il



On the other hand an integration by parts of (0,¢?)V,, ;Q2/i¢ yields

‘ / GWJV“?[Q + /
NS INS

!
Now observe that |¢()| = [2n+1]| —1+2t| > [2n+1]a, and that iQ2 = UV,
so the term on the last expression is smaller than

Vn,l
@

V, 0
%

e

2
oINS 14

[Vl [Vl [ P-nt V]| 2] gt
alzn £ 1] 2+ 0] Jpxs \T—2e] -2t
HanH
< cte.————(1
< cle. o (14 V)

where we have used that || P_,_, V|| < ||V]|o. Thus for a € (0,1/2):

The minimum of aa + 3/a for positive a is 2v/af3, thus

which implies our assertion as ||V, || < —=|V(2n +1)].

”Vn,lH
2n + 1

1
/ PnUgVUOPn,ZQH < [Vl + et 1+ V]l
I

A
/ PnUgV[Pn,lUOQH < CM L+ (V1o
I |2n+l|

O

The other levels are separated by large gaps. We start the proof that the
transition probability to them is small with a double integration by parts lemma.
We have Hy(t)P, = E,(t)P, Denote by

Ri(t) := (Ho(t) — Eu(t) B,

the reduced resolvent. The Friedrichs twiddle operation is fundamental in adia-

batic theories. The version needed here is defined for an operator A on L*(Z)
by

A, := P,AR,.



Lemma 3.3 For 3 > « it holds on H*(Z)
B
/ Uy P VP, UgQ) =
aﬁ o o -~ 53
/ U (VlVlV+ ViV, =V, VP, — Z'Vl) U2

o 8
+iU; (V, - VlVl> UpS

«

Proof. The twiddle operation is an inverse commutator. A dot "or a prime ’
denotes differentiation. It holds:

0,UVUy = U ([Vi, Hy — Eo) +iV))Uy = U (PVEE, +iV,)Up
so an integration by parts and ¢0,{2 = Uj;VU,(2 yield

B
/ U P VP, UgQ) =

«

- / Uz (VN+ NZ> U2 + iU V,UpQ2
The decomposition il’lV = @IVIF’W + g’;VIF’il, the identity

0UVIV,Uy = Uy (ViVP, + iV, VU

and a second integration by parts imply

B —
— / Us ViV, PyUgS) =
I¢] — fon = B
/ Us (VNN+ iV;Vl) U2 — iU, ViV, US|
Thus the assertion is proved. a
Concerning the second contribution to (5) we shall now proceed to estimate
the different terms of

|| PUGVP, Ut (6)
I
defined by Lemma 3.3 one after the other.

In the following lemma we collect facts that shall be used frequently and
often without comment:



Lemma 3.4 Leta# b€ Z. For a,3 > 0 there is a cte. > 0 such that it holds

1
sup - - = sup ...+ sup ... <cte.—————F+——;
j€Z\{a,b} ‘.7 - a’a‘j - b’ﬁ j<aT+b jZaT"'b ’a - b’mzn{a,ﬁ}

and for o, 3 > 1:

1 1 1
Z b|ﬁgz...+z...§0te.|a_b|m;

) — alo | —
seitony 1 ol < g

let A be the operator on L?*(Z) whose kernel is A(i,j) = f(i)g(i — j) for some
f,g9 € L*(Z), then

[All = sup  [{o, AV)| < [ fll2@)l9]lL2a)-
lli=lé]=1

The smallness of the terms in Lemma (3.3) results from the presence of the
reduced resolvent; we shall use that for m # n,m # —n — [,t € I, it holds as
Im+n+1>1andso|m+n+Il+al>3lm+n+I| fora<;:

1
1gnlf |E(t) — En(t)] = i?f\(m—n)(m+n~|—2t)] > 5\m—n!|m+n+l|
€l l

and as in Lemma (3.4):

mez\g}’finil} %glfz |E(t) — Eu(t)| > cte.n — (—n —1)| = cte.|2n + 1.

The first relevant term in the integrand of Lemma (3.3) is %’lVlV = PnVﬁlVﬁlV.
Now

~

o -~ . ~ . . V(i—j
P.V(i,j) = 6V (n—j);  |[RV(i,5)] = x(i # n)x(i # —n — Z)_EK_ E)'
By the third point of Lemma (3.4) we get
1/2
N 2 2 1
IRVI<IVIe| > TGy < cte ||V||o‘2n+ ]
Z\{n,—n—1}
SO
foans ~ 1
VAAYIIRS PV|RV|? < cte||V ||} m—. 7
gﬁll 1V H_SllllpH I BV < cte] H0|2n+l|2 (7)
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For the second term it holds

ViV = (P.VRVR) || < 2[VR|||VR|

so for j € {n,—n —}:

f o VE-DE-B) _ 20(i-j)
SO
A 1
VR < Cte-HVHom

and together with the estimate of Vﬁl above it results:

~ 1

sup [V, V|| < cte.||V]|2———.
tEIIl)H l l” = ” HO‘ZH—FZP
Next we discuss iv’l = PnVl/%l.
V(i—j) i —j|*

27V, j = 20in
V2T 1(4,7) (G —n)(j+n+2t)2]i— j|

SO:
1
‘Zn + Z‘min{1+a,2} ’

sup V|| < cte.||V]la

l

The next contribution to (6) comes from
V,VP,, = P,VRVP, + P,VRVP_,_,.

The kernel of the second term is

-~

Vin—m)V(m+n+1)

2r P, VRVP (i, §) = 6inbj-n-ty
Z\{n,—n—1}
so
sup ||PnV§lVP_n_l||

teI[

<cte. Y V(n —m)V(m+n+1)||m—mn|"m+n+1°

(m —n)(m+n+2t)

Z\{n,—n—1}

1
S Ct@HVHiW

(m—n)(m+n+1) ||m—n|¥m+n+1

(10)



by the Cauchy-Schwartz inequality and Lemma (3.4).
The other term is more difficult, it is the part which is first scattered out of
the state n, then back to it:

P V(n—m)P?
2nP,VRVP,(i,7) = 6inbjn Z )
N (m —n)(m+n+2t)

Changing coordinates we obtain

ZWanélVPn(i>j) = 0inbjn Z ‘Vép”? 2%)
per\ (o —entiy PP+ 20+ 21)

V(2 + P Vor
(2n +l)(4n+l+2t)+6' oD plp+2n+2t)
(
)

PEZ\{0,£(2n+1)}

V(20 + D) v V(p)?

im0 p? — (2n + 2t)?

@n+D)dn+1+21) PEZ\{0,£(2n+1)}

because _only —%, the symmetric part of %, contributes to th_e
symmetric sum. Physically speaking it is destructive interference of the contri-
butions of the states m = n %+ p which is at work here.

Now for a > 0

17 2 20
V)l*  p*_

sup 2 2 20 —
teli g\ 0,4 (2n+1)} [p* = (2n + 27| p
1 cte.
V 2
IVl fatie = @ 2o = Ve gmrizea

to see this recall that for p # +(2n + 1)

inf [p* — (20 + )| > 5 |p2—(2n+l)2|,
S

and take the supremum over |p| < 2”7“ and +p > |2”—2+” separately.
Furthermore
V(2n +1)2 < vzt
(2n+0)@2n+1+2n+26) =" "012n 412
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so the estimate for the backscattering term is

V(0 —m)]?
sup PVRVP < cte.sup
up | VRVP | w2 T erm
1
S cte. HVHOé’2 +l’m1n{1+2a 2} (11)

We are left with the boundary terms in (6). We first discuss

o I
! l(t 2 4)

———

@ZVI = PnVlﬁlVlél, SO

~~ 1 1 ~ 1 1 1
210 < 222
IVivi(5 £ DI < IViRi(5 £ )l

<cte|| V]t ——= 12
4) > cae H HO’ZH l|2 ( )
where we used the estimate which led to (7).

For the other boundary term we have to be more careful: Consider for t;, | :=

{4}
V2 Vl<tl+1) Vl+1(tl+1)> (i,7) =
PnV(H ) (tl—f—l)(P—n (I+1) — P—n—l)(iuj) =
s s V(n+1) s V(2n+1+1)
P e i+ 1) T T a0 1)
So

~ - VEn+10)]  [VEn+1+1)]
Vi(t — Vit < cte. 1
IVi(tiss) 1t || < cte ( 2 + | 2n+1+ 1 (13)
Furthermore it holds for x € [—

e

L

g N V(n—j) - S
VBT (52 () = b Il £ £ == ),

so fora >0

V(n — j)
v + )2 < cte. - -
| l( )l Z\{;_l}|(3—n)(3 +n+1+2x)]?
te.
V12 ¢ . 14
< Vs (14)
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With these observations we have finished the proof of Theorem (2.1). We
assemble the argument.

We have

t

1 L1 "

WATES S AR A -
0 =1 v 51

o

S

=0 v

Zu/...m,anu/...Rtlu
=0 I 1—0 I

where L is the integer such that

t
L we have redefined I := [£ —1

Remark that forn > 0,5 > 1

S [% — i, % + i); Iy = [0, i); for the index
t

o0

1 cte.
Z (2n +1)° = (n)B-1"

=0

So by Lemma (3.2) it holds

> YA/ 2n + 1
S / Bl < et TEV S V2D
=0 l

(2n + 1)
] 1/2
< cte TVl (3 s s
1
< cte.||V||a<n>a'

By Lemma (3.3) and the estimates (7, 8, 9, 10, 11, 12, 13, 14) we have
S rhl
=0 “h
5 sup (I -+ (¥l + [TV + 1l ) +
1
3 (le(ml)u n ||%“wz<tz>||) '
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> (IViltis) = Veca b)) + [Volto) | + 1V (82)]
1

< Ca,MHVHaW'

This proves the case sign(nt) > 0. From our calculations it is clear that for
sign(nt) < 0 all the estimates give a bound proportional to ||V,|| and no decay
in n. Thus the proof of Theorem (2.1) is finished. O
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